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Nilpotent pseudogroups of functions
on an interval

TaniaM. Begazo and Nicolau C. Saldanha

Abstract. A near-identity nilpotent pseudogroup of order m > 1 is a family
fi...., fa: (=1,1) - R of C2 functions for which: | f; — id-1 < € for some small
positive real number ¢ < 1710”1 and commutators of the functions f; of order at
least m equal the identity. We present a classification of near-identity nilpotent
pseudogroups: our results are similar to those of Plante, Thurston, Farb and Franks. As
an application, we classify certain foliations of nilpotent manifolds.
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1 Introduction

A near-identity nilpotent pseudogroup of order m > lisafamily fi, ..., f, :
(—1,1) — R of C? functions for which:

* | fi —id|c1 < € for some small positive real number e < 1/10™+1;
» commutators of the functions f; of order at least m equal the identity.

More precisealy, the pseudogroup is generated by the family of functions but we
shall often makethe abuse of confusing thesetwo objects. A commutator of order
lisof theform[ f;, f;]1and, for m > 1, acommutator of order m isafunction of
theform [g1, g2] = g1 0 g5 ' 0 g1 0 g2 Where g1 isone of the original functions
or acommutator of order lessthan m and g» isacommutator of order m — 1. In
particular, a family of functions which commute is a nilpotent pseudogroup of
order 1. we call thisan abelian pseudogroup. If all commutators commute with
each other, then we call the pseudogroup metabelian. A common fixed point for
the pseudogroup isapoint x for which f;(x) = x for al i.
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If the functions f; are bijections from (—1, 1) to itself, then such a nilpotent
pseudogroupisjust agroup of functions. Planteand Thurston provethat nil potent
groups of diffeomorphisms on [—1, 1) or (—1, 1] are abelian ([8]). Farb and
Franks consider groups of diffeomorphismsof (—1, 1) and prove several results,
among themthat Diff > ((—1, 1)) containsnilpotent subgroupsof arbitrary degree
of nilpotency but that such subgroups are al metabelian ([5]). Our work differs
from these in that we consider pseudogroups instead of groups. the main new
difficulty isthat long compositionsof thefunctions f; may not defineany function
since the domain may vanish. More precisely, we prove the following theorem.

Theorem 1. Any near-identity nilpotent pseudogroup of functions f1, ..., f,
is metabelian. Furthermore, any near-identity pseudogroup fits into one of the
three cases below.

1. There exists at least one common fixed point and the pseudogroup is
abelian. Furthermore, for each maximal interval I; C (—1, 1) containing
no common fixed points, there exist real constants ¢; and an increasing
homeomorphism ¢ : J — I, J € Rwith f;(¢ () = ¢ (¢ + a;) whenever
t,t+a; € J. Ifinf Iy > —1 (resp. suply < 1) theninf J = —oo (resp.
sup J = 400).

2. There exists no common fixed point, the pseudogroup is abelian, there exist
real constants ¢; and an increasing homeomorphism ¢ : J — (-1, 1),
J C Rwith |J| > |a;| and f; (¢ (t)) = ¢ (¢t + a;) whenever t,t +a; € J.

3. There exists no common fixed point, there exist integer constants ¢; and a
finiteset {y_n, y_n41, ..., yv} C (=L Dwithy; < yi11,y_ny < —1+e,
yv > 1—¢€, N > |a;|, such that f;(yk) = Yitq,-

This subject was motivated by the study of actions of nilpotent Lie groups on
manifolds. In particular, we study actions of the Heisenberg group

1 00
G = x 1 0],x,y,zeR
z y 1

on manifolds of dimension 4 ([1], [2]). We do not discuss actions here but we
present an application of theorem 1 to foliations.

We consider compact orientable manifolds of theform G/H = {gH, g € G},
whereG isanilpotent Liegroupand H = 71(G/H) C G isadiscretecocompact
subgroup. Wemay assumethat G/ H hasasmooth Riemann metric and therefore
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G/H x (-1, 1) alsohasametric. Thefoliation Fyof G/H x (—1, 1) withleaves
of theform G/ H x {x} iscalled horizontal; thisfoliation can be defined asbeing
perpendicular to the vertical vector field Zg at any point of G/H x (—1,1). An
arbitrary transversally orientablefoliation ‘F; of G/H x (—1, 1) of codimension
1 can be similarly described as being perpendicular to some unit vector field Z,
at any point; wedefinedc-1(Fo, F1) = dc1(Zo, Z1). Lety : [0,1] — G/H bea
smooth path; if d-1(Fo, F1) issufficiently small then, for x € (—1+¢,1— ¢),
the path y can be lifted to a unique smooth path y, : [0,1] - G/H x (—1,1)
with ¥ (0) = (v (0), x), yx (1) = (7 (1), %) and y, () tangent to F; for all 7 ([3]).
Thisdefinesafunction f, : (-1+¢,1—¢€) — (-1, 1) taking x to the second
coordinateof y, (1): if y isagenerator of 71(G/H), f, iscalledtheholonomy of
F1. lfy1, v, ..., y, aregeneratorsof 71(G/H) and d-1(Fo, F1) issufficiently
small then f,,, f,,, ..., f,, formanear-identity nilpotent pseudogroup. We call
afoliation of G/H x (—1, 1) abelian (resp. metabelian) if its pseudogroup is
abelian (resp. metabelian). Similarly, we call a leaf of a foliation abelian if
y: (1) = y,(0) whenever y € 71(G/H) isacommutator and y, (0) belongs to
the leaf; thus, afoliation is abelian if and only if all itsleaves are abelian.

Let o : G — R be agroup homomorphism: the 1-form da can be lifted to
G/H andthereforeto G/H x R, whereitis closed but probably not exact. The
1-form dx, where x isthe second coordinate, isexactin G/ H x R and therefore
do + dx isaclosed 1-formin G/H x R, defining afoliation F,. Notice that
F. isabelian.

Theorem 2. Given a manifold of the form G/H there exists €, such that, if
JF1 is a smooth foliation of G/H x (=1, 1) with dc1(Fo, F1) < €g/u, then F1
is metabelian and one of the three conditions hold:

1. F1 has at least one compact leaf, is abelian and, for any maximal con-
nected open set M of G/H x (—1, 1) containing no compact leaf, there
exists a homomorphisma : G — R, anopenset 7 € G/H x Rand a
homeomorphism ® : 7 — M taking F, to 1.

2. F1 has no compact leaf, is abelian and there exists a homomorphism
a:G — R,anopenset 7 € G/H x R and a homeomorphism @ : 7 —
G/H x (—1,1) taking ‘F, to Fi.

3. F1 has no compact leaf and has an abelian leaf closed in G/H x (—1, 1),
arriving or accumulating both at G/H x {1} and G/H x {—1}.

Some key results, presented in section 2, are that there exist nonempty closed
sets X invariant under the pseudogroup of functions and such that the restrictions
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to X of al commutators equal the identity; in particular, [f;, f;] has many
fixed points. In section 3 we define a concept of translation number t(f;, f;)
for functions f;, f; in a near-identity nilpotent pseudogroup; this concept is
also present in [5] and reduces to the usual definition of rotation number if
[fi, fj] = id. Aswe shall see in section 4, Denjoy’s theorem implies that if
some translation number is irrational then the invariant set X constructed in
section 2 isan interval. In section 5 we use Koppel's lemmato prove that near-
identity nilpotent pseudogroups are metabelian and finally, in section 6, we bring
together the resultsin order to prove theorems 1 and 2.

2 Fixed points

We recall the usual definition of translation number for continuous increasing
functionsu : R — R of degree one, i.e,, with u(x + 1) = u(x) + 1, or, more
generaly, for a continuous increasing function u : [0, 1] — R with u(1) =
1+ u(0). Assume0 < u(0) < 1. Define the sequence ag = 0,

u(ay), if u(a,) < 1,
apiy1 = :
u(a,) — 1, otherwise.
The translation number 7 («) of u is the proportion of points of this sequencein
theinterval [0, u(0)). More precisely, define p(0) =0, p(n + 1) = p(n) + 1if
0<a, <u(0) and p(n + 1) = p(n) otherwise: then the limit

lim p(n)

n—oo n

exists and is called t(u). Denjoy’s theorem [4] states that if « is a degree one
function of class C2 withirrational translation number & = 7 («) thenthereexists
ahomeomorphism¢ : R — R, also of degreeone, suchthat u(¢(¢)) = ¢ (t +«)
for all z.

The condition | f; — id|c1 < € < 1/10"*! guaranteesthat f; is a diffeomor-
phism from (—1, 1) to some open interval I,

(=0.99,099) Cc (-1+e,1—-e)CcIC(-1—¢1+¢)C(-1.01,1.00)
and we take ffl :IN(—1,1) — R. A composition such as the commutator
Lfi fil= f o fto fio f)

is defined in the largest possible domain such that intermediate expressions are
in (—1,1): thisisclearly someinterval I, (—0.96,0.96) c I € (—1,1). An
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equality such as [ f;, [ f;, fx]] = id means that both functions coincide in the
intersection of their domains, in this case at least (—1 + 10e, 1 — 10¢). A set
X C (—1,1) issaid to be invariant under the functions f; if x € X implies
that f;(x) and f,*(x) belong to X U (—oo, —1] U [1, co) for al i. Recall that
X C (=1, 1) isclosedin (-1, if XN (-=1,1) = X.

Proposition 2.1. For any near-identity nilpotent pseudogroup of functions
there exists a honempty set X < (—1, 1) which is closed in (—1, 1), invari-
ant under the functions f; and such that [ £;, f;1|x = id for all i, j.

If x isacommon fixed point, X = {x} isatrivial example of aclosed invariant
set as described in the proposition. We shall be more interested in nontrivial
invariant sets X. Notice that if xo and x; are common fixed points then the
proposition may be applied to the restriction of the functions to the interval
(x0, x1): in other words, inside each maximal interval I in the complement of
the set of common fixed points, there exists a nonempty invariant set X; < 1
closed in 7 and suchthat [ f;, f;1lx, = idforadli, j.

This proposition will be proved by induction, the key step being the following
lemma.

Lemma22. Let fi,..., f, be functions of class C?, | f; — id|c1 < € (where
€ > 0, ¢ < 1/100). Assume there exists a set X # ¢ closed in (—1, 1) and
invariant under the functions f; such that [ f;, [ f1, f2]llx = id for all i. Then
there exists Y C X, Y # @, Y also closed in (—1, 1) and invariant under the
functions f; such that [ f1, f2]ly = id.

Proof of Lemma 2.2. Let Y be the set of fixed points of [ f1, f>]: theset Y
is clearly closed and invariant under the functions f;; it suffices to prove that
Y £ 0.

If XN (-1/2,1/2) = 0, let xo € X be the element of least absolute value;
assume without loss of generality that xo > 0. We claim that f; (xg) = xq for
al i: indeed, f;(xp) < xo would be another element of X of smaller absolute
value whence f; (xg) > xg. Similarly, ﬁ‘l(xo) > xg and since f/ > Otheclaim
follows. We can now take Y = {xo} and this proves the lemmain this case; we
assumefromnowon X N (—1/2,1/2) # .

Let xg € X N (—1/2,1/2) be an arbitrary point. If f1(xg) = f2(xg) = xo We
are done. Otherwise we may assume without loss of generality that flfl(xo) <
x0 < fa(xo) < fi(xo), xo < f1(xo). We prove that there exists a fixed point
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of the commutator [ f1, f>] intheinterval [ fl_l(xo), f1(xg)]: thiswill prove the
lemma.

Set§ = fu(xo) —x0 > 0, I = (f1 “(x0), f{(x0)). Clealy s C b C --- C
1o C (=3/4,3/4) and both f1(I;) and f;*(I;) are contained in ;1 for k > 0,
k < 10. Noticethat §(1 — €)%+ < £ (xp) — fK(x0) < 8(1 + €)1+ for
—10 < k < 10; in particular, ff(xo) — xo < k(1 + €)*s for k > 0, k < 10.

We claim that f>(I;) and f, *(I;) are both contained in I, for al k > 0,
k < 9. Fromthe mean valuetheorem, £, f5 (xo) — f2(x0) < (L+€)(ff (x0) —xo)
whence, adding f2(xo) < fi(xo), f2ff (x0) < f1 (x0) + (1 + ek(1+€)")5. On
theother hand, £ ™2 (x0) > ff(x0)+2(1—€)*+1s anditfollowsthat f» f¥ (xo) <

¥+2(x0) provided 2(1 — €)*1 > 1+ ek(1 + €)*, which indeed happens for
€ < 1/100 and k < 8. Similarly,

5 xo) < fiP2(x0), fofiF(xo) > f7F%(x0)
and £, % (x0) > f7*%(x0), provingour claim.

Let g bethe commutator [ f1, f>]. From the claim above it follows easily that
g(Iy) and g~1(I) are both contained in 1,4 for k > 0, k < 6. For example,
faff(xo) < fi+2(xo) implies fifaff(xo) < fit3(xo0) and f5 ! fufofE(x0) <

£+ (x0) Whence, finaly,

[f1. ol ff (o) = fT 5 o ffxo) < fiH (o).

Let v : I,o0 — R beafunction with positive derivative of class C? satisfying
¥(x0) = 0, ¥ (f1(x)) = 1+ (x): suchafunction can be contructed by taking a
d|ffeomorph|smfrom x0, f1(x0)]to[0, 1] with compatlblebehavloratboundary
pomts Define f; : (—8,8) - Rand g : (—6,6) — Rbyf, Yyt and

= Ygy~*. Notice that fl(x) = x + 1. Also, set X = ¢ (X N Io):

x e X, |x| < 6thenthepoints f;(x), f; *(x), g(x) and g~*(x) aredl in X. Let
g : R — R beafunction of degree 1 (i.e, g(x + 1) = g(x) + 1 for dl x) with
gly = gly. Inorder to prove the existence of such afunction g, we consider two
cases. If[0, 1] € X theng(x+1) = g(x)+1foralx € (-5, 5) and g isobtained
by extending g. Otherwise, let [x1, x2] C (0, 1), [x1, x2] N X = {x1, x2} and
define g to be an arbitrary function of degree 1 coinciding with g in the interval
[x2—1, x1]. Let c bethetrandation number of g: wealready provedthat |c| < 4;
weclaimthat ¢ = 0. Theclaimimpliesthat the sequence0, g(0), ... , gX<(0), ...
converges to a fixed point v (x1) of g in X N [—1, 1] and x; is the desired fixed
point of g, proving the lemma. In order to prove the claim, it is convenient to
consider, by contradiction, the cases ¢ irrational and ¢ rational, ¢ # O.
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Case l: cirrational.

By Denjoy theorem there exists a homeomorphism ¢ : R — R with ¢ (n) = n
forn € Z and

) =¢fig t)=x+1, () =¢3d  x)=x+c.
Deflnefz (=7,7 — Rby

fo(x) = ¢ fap™H(x).
Wehave f> 18 = fifo and f28 = & f» on X = ¢(X) which become
fz(x +1+0) = fz(x) + 1, fz(x +c) = fz(x) +c, x e X.
Also, since f>(I;) C I;.12 we have fz((—k, K)Yc (k-2 k+2) fork <7.

Consider the set A of points (x, y) € Z2 with |x(1 + ¢) + yc| < 5: thissetis
connected in the sense that points of A can be joined by a path with verticesin
A and edgesof sizel. Let (x, yx), k =0, ..., N besuch apath of points of A
with (xg, yo) = (0, 0) and |xy + ync| > 9. From |x; (1+ ¢) + yrc| < Swehave
|f2(xk(1+ o) +wo)| < 7fordl k < N. If (1, yiqd) = (L, 0) + (e, yi)
then fo(xe41(1+4c) + Yiy1€) = fa(xr(14-¢) + yre) £ 1. Also, if (xjy1, yer1) =
(0, £1) + (xx, i) then fo(xy1(1+¢) + yiqa0) = fo(xx(L+¢) + yre) £c. Thus
So(xx (L4 ¢) + yre) = f2(0) + x; + yre for dl k. In particular |xy + yyc| =
| folxn (L + ¢) 4+ yne) — f2(0)] < 9, acontradiction.

Case 2: crational, ¢ # 0.

Letc = p/q, p,q € Z, g > 0. Assume without loss of generality that p > 0.
Let h = f; "g%: we know that # has a fixed point x; € [0,1]. Take x; €
X N[xg, x1+ 1 the sequence x,, 1 (x2), h?(x,), ... iscontained in the compact
set X N [xy, x1 + 1] and therefore any accumulation point x3 of this sequenceis
afixed point of 7 in X.

Define zo = x3 and

fit@), z=x3+1,
i+l =1 .
8(zi), otherwise.

We have z,,+, = zo and in this sequence we take p times the first case and ¢
timesthe second. Set w; = fz‘l(z,-): we have therefore

gt wi = s+ D,
Wi+1 = ). .
g(w;), otherwise.
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Thus fl_” g7 hasfixed point wg and the translation number of g is p/(g — p),
acontradiction. O

Proof of Proposition 2.1. We proceed by induction on m. Assume our pseu-
dogroup of functionsto be nilpotent of order m. Apply Lemma2.2 to the family
of commutators of order at most m — 1, Xo = (—1, 1), withthe new f; being an
arbitrary commutator of order at most m — 1 and the new f, being acommutator
or order m — 1. Wethus obtain aclosed invariant subset X; of X, whereagiven
commutator of order m equals the identity. Repeating this process we obtain
aclosed invariant subsets Xo 2 X3 D .-+ D X, such that all commutators of
order m equal the identity in X,. Now apply the induction hypothesis to obtain
X C X;. O

If in the constructions performed in the proof of the lemma we take x; to be
afixed point of g then f1 f2(x0) = f2f1(x0) ad xo < fa(xo) < f1(xo) implies
fixo) < fafi(xo) = fifa(xo) < fE(xo) and fo(l) € Ixa. AlsO, g(I) = I.

3 Trandation number

We madify the definition of translation number to define the translation number
of f> relative to f1, where both functions belong to a near-identity nilpotent
pseudogroup. Let xo be apoint of X, anontrivial invariant set as discussed in
the previous section. Assume that f; *(xo) < xo < fa(x0) < fi(xo). Define
a sequence of points starting at ap = xo by a1 = f; " fa(a,) Where k(n)
is the only integer for which xg < fl_k(") fola,) < fi(xg). Since fi(xg) <
fif2(xo) = fafi(xo) < f{(xo) and, by contruction, xo < a, < fi(xo) we
have xo < fo(xo) < falan) < fafi(xo) < f£(xo) and therefore k(n) is O or 1.
Also, k(n) = 1if and only if xo < a,41 < fa(xo). Let F° = idand F,0, =
7™ o fo 0 Fro: asusual, we must show that this composition makes sensein
alarge domain. Asin the proof of Proposition 2.1, let 1, = (f] " (x0), f1' (x0));
notice that 7,, iswell defined at least for n < 10 and that f>(1,) C I,41.

Lemma3.1l. Forany positive integer n, F;* is well defined in Ig and F°(Ig) <
Ig. Also,

F18x0) < X f78x0) = f1PF™(x0) < f1 ' (x0),

fBxo) < Fof3(x1) = fEF2(x1) < £ (x0).

Moreover, X is invariant under F;°.
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Proof. We prove the inequalities in the statement by induction on n, the case

n = 1being easy. By definition, F,.1f8(x0) = f; " foF, f£8(xo): this

already showsthat these two expressions make sense since by induction hypoth-

esis both F.fif 8(xp) make sense and are in Iy. By the induction hypothesis,
Fus1 fi20x0) = f1" f2 7P F,(x0). Since

Fu(x0) € X, Fua f20x0) = fi2 1" foFo(x0) = [ Fuya(xo).
The other claims are now easy. O

Set p(0) =0, p(n + 1) = p(n) + k(n): we define the tranglation number to
be the limit

r(f27 fl?-XO) = lim p(n)s

— 0 n

we still have to prove that this limit exists. If f{l(xo) < x0 < filxg) < fa(xo)
we can make a similar construction reverting theroles of f; and f> and define

T(f2, f1, x0) = 1/(z(f1, f2, x0));
if £ (x0) < fa(xo) < x0 < fi(xo) we define
t(f2, f1. x0) = —t(f5 * f1. X0);

the other cases are similar.

Let Z be the closed set of common fixed points of all functions f;. We show
that the translation number is well defined in each connected component of the
complement of Z.

Proposition 3.2. If xg, x; € X are in the same connected component of the
complement of Z then t(f2, f1, x0) = t(f2, f1, X1).

Proof. Letg = [f1, f2]. Wefirst provethat thelimit exists. Assume f;*(xo) <

Xg < fz(xo) < fi(xp) andlet ¢ beaconjugatlon between f1 andx —x+1s0
that fi(x) = iy () =x+1, o=yfoytandg =Ygy hy : o> R
is afunction with positive derivative of class C? and v (xo) = 0 as constructed
in the proof of Lemma 2.2. Notice that fo(x + 1) = fo(x) + 1 if and only if
g(x) = x;inparticular f>(1) = fz(O) + 1. The definition of translation number
appliesto the restriction to [0,1] of f5; equivalently, let /> be the only function
of degree 1 coinciding with 7, in theinterval [0, 1]:

fax) = falx — |x]) + Lx].
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The points a, constructed as above from f; and f> are al in the interva
[x0, f1(x0)) and ¥ (a,) is aways in the interval [0, 1]. The construction of
k(n), F, and p(n) only considers values of f, in the interval [xg, f1(xp)), Or,
equivalently, values of f5 intheinterval [0, 1). It makes therefore no difference
whether wetake f> or f> and t( f2, f1, xo) isthe usual translation number of f5.

L et x, beanother fixed point of g, xo < x1 < f1(xo). Thetrandation number of
fz isthesameif computed intheinterval [0, 1] orintheinterval [ (x1), ¥ (x1) +
1]. Furthermore, the functions fz and fz coincide in the orbit of x; since these
areall fixed points of g and the construction of the trandation number coincides
for these two functions. Thus T (f>, f1, x0) = t(f2, f1, X1).

Let xo < x, betwo fixed points of g in the same connected component of the
complement of Z. Let € > 0 be the infimum over the compact interval [xg, x.]
of the positive continuous function max{| f1(x) — x|, | f2(x) — x|} and take a
sequence yo = Xo, y1, ..., yv = X With0 < y;.1 — y; < €/4. Let x; bethe
fixed point of g whichisclosestto y; sothat xg < x1 < --- < xy = x, ae
fixed points of g. We claim that x;,1 < max{fi(x;), fo(x:), fi *(xi), f5 1(x)).
Assume without loss of gererality that the largest among these four numbersis
fi(x;): theinterval ((x; + f1(x;))/2, fi(x;)) hassize at least € /2 and therefore
there is some y; init. The point fi(x;) is afixed point of g thus the distance
between x; and y; is no larger than that between f1(x;) and y;: it follows that
xi < xi41 < xj < fi(x;), asclaimed. The previous paragraph can now be
used to show that (f2, f1, x;) = t(f2, f1, xi11) and we have t(f2, f1, x0) =
T(f2, f1, XN)- 0

4 Theirrational case

We aready saw that commutators in a near-identity nilpotent pseudogroup of
functions have many fixed points; we now show that in many cases al commu-
tators equal the identity so that the original functions commute.

Proposition 4.1. Let f1, f> be functions in a near-identity nilpotent pseu-
dogroup and let X be a closed invariant subset where all the f; commute. Let
xo € X, xo not a fixed point of f1. If ©(f2, f1, xo) is irrational then xq is an
interior point of X.

f1(xg). Construct fi, fo, § and X asusual where g = [ f1, fo] so that f1(x)
x + 1; notice that g(0) = 0. Assume by contradiction that (x1, x) € (0, 1)

Proof. Assume without loss of generality that £, (xo) < xo < fa(xo) <
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is an open interval such that [x1, x2] N X = {x1, x2}. We shall construct a
counter-example to Denjoy’s theorem, thus obtaining a contradiction.

Let f, : R — R be an increasing function of degree 1 and class C2 with
fz(x) = fo(x) forx, — 1 < x < x1. Thefunction fz is defined arbitrarily inthe
interval (x1, x2) with the only restrictions that it must be of class C?, increasing,
satisfy fo(x) = fo(x) for x near x1 and fo(x) = 1+ fo(x — 1) for x near xy; this
isclearly possible. Now fz isafunction of degree 1 and class C? and irrational
trandation number and X + Z is anontrivial invariant closed set, contradi cting
Denjoy’s theorem. O

We may bring together our conclusions as a proposition.

Proposition 4.2. Let f1,..., f, be a near-identity nilpotent pseudogroup of
functions and let xo € (—1/2, 1/2). Then one of the following three situations
holds:

1. xq is a common fixed point of the functions f;.

2. There exists real constants a;, an open interval I C (—1, 1) containing
X0, fi(x0), £ X(x0), and a homemorphism ¢ : J — I, J < R with
fi(p@®)) = ¢(t + a;) whenever ¢, t +a; € J.

3. There exist integer constants a;, a finite set {y_n, y_n11,..., yy} With
yi < yiyrand yo < xg < y1, N > |a;| With f; (yx) = Yitq,-

Proof. If xo is not a common fixed point of the functions f; then we may
apply the results of the previous sections. If at least one translation number is
irrational then we apply Proposition 4.1 and wearein the second case. Otherwise
the functions from S?* to itself constructed above all have rational translation
numbers and therefore admit periodic points and we areinthethird case. [

5 Near-identity nilpotent pseudogroups are metabelian

We first state Koppel's lemma ([7]), an important result also in the works of
Plante, Thurston, Farb and Franks.

Lemmab5.1. Let f, g : R — R be increasing diffeomorphisms, f of order C?
and g of order C* with [ f, g] = id. Assume that there exists a nondegenerate
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bounded openinterval I = (a, b) forwhich f(b) = g(b) = b, f(a) > g(a) = a
and x € (a, b) implies f(x) > x. Then g(x) = x forall x € I.

Let f1, f2, ..., f, beanear-identity nilpotent pseudogroup withrational trans-
lation numbers as in item 3 of Proposition 4.2: let yg, y1,a1,as, ... ,a, be
as in the proposition. We define a second near-identity nilpotent pseudogroup
fi, ..., fn Of functions satisfying f;(yo) = yo, fi(y1) =y, N = (3) +n — L.

Assume without loss of generality that @, > 0. The construction of f;,i < n,
issimilar to that of F]’.‘O in section 4: define F; o = id and

Fijya=f, ™o fioF; where fi(Fi;j(y)) = .

Inthisway F; ;(yo) > yo forali, ;. We define f; = F,,,: wehave f;(yo) = yo
and f; (y1) = ya. Theremalnlngf, arethecommutators[ f;, fi],1 < j <k <n.
We claim that the functions f; commute: this will establish our claim that the
original pseudogroup is metabelian.

Apply Proposition 4.2 to the pseudogroup f; at some point in the interval
(yo, y1): if we have cases 1 or 2 we are done. We assume therefore that we
have case 3 in amaximal interval (a, b) C (yo, y1). Lét ¥g, y1,d1, ... ,ay be
as in Proposition 4.2. Assume without loss of generality that a; > 0 so that
fi@) = a, fu(b) = b and fi(x) > x for al x € (a, b). Assuming that the
functions f; do not commute, let ¢ be a commutator of highest order which is
different from the identity. By construction [ f¢, ¢g] = id. If g is not one of the
f: then g(Fo) = o so that g hasafixed pointin (a, b). Lemma5.1 now implies
¢ = idwhich isacontradiction unless g = f; and the functions f; commute, as
required.

6 Proof of Theorems1 and 2

We proved in the previous section that any near-identity pseudogroup is
metabelian.

If at least one common fixed point exists, weareincasel. Let I, = (a, ¢) bea
maximal openinterval containing no common fixed points. Assumewithout loss
of generality that |a| < 1and apply Proposition 2.1 totheinterva (a, c¢) to obtain
b € (a, c), afixed point for all commutators in the pseudogroup. Let f = f; or
f= fj‘1 besuchthat f (b) ismaximal; fromtheresultsof section3, f(x) > x for
al x € (a, ¢). Take g to be an arbitrary commutator and apply Koppel’slemma
(5.1) toobtain g(x) = x fordl x € (a, ¢). Thisimpliesthat the pseudogroup is
abelian. For eachi, leta; = ©(f;, f, b). If a least one of the q; isirrational, the
existence of the homeomorphism ¢ follows from Denjoy’s theorem. Otherwise,
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we may writea; = p;/q, where p; and g are integers. Assume without loss of
generdlity that p, = 1 sothat, for each i, ©(fi f, ", f, b) = O: thisimpliesthe
eX|stenceofb € [b, f(b)Iwith f; £, " (b;) = b;. Koppel’slemmanow implies
that f; = £ and the pseudogroup consists of integer powers of f;, implying
the existence of the homeomorphism ¢. This concludes the discussion of case 1

If no common fixed point exists, take xo € X and let f = f; or f = f be
such that f(xg) is maximal and set a; = t(f;, f, x0). If a least one of thea,
isirrational then from section 4 the pseudogroup is abelian and from Denjoy’s
theorem there existsahomeomorphism ¢ asstated, concluding case2. Otherwise
we arein case 3 of Proposition 4.2, concluding theorem 1.

For theorem 2, take the holonomy pseudogroup and apply theorem 1. each
case in one theorem corresponds to the same case in the other. In cases 1 and
2, the homomorphism & : G — R takes each generator y; of 71(G/H) toa; as
constructed in theorem 1 where f; = f,,. Thehomeomorphism & is constructed
from ¢. More precisely, for (¢H,x) € G/H let y : [0, 1] — G be apath with
y(0) € Handy (1) = g. Lifty to F, toobtainapathy : [0,1] - G/H x R
tangent to F, with y(1) = (gH, x): let y(0) = (H, xo). Now lift y to ‘F;
toobtany : [0,1] - G/H x (—1,1) with y(0) = (H, ¢ (xg)) and define
®(gH,x) = y(1). The properties of ¢ imply that ®(gH, x) is well defined,
i.e., does not depend on the choice of y. This concludes the proof of theorem 2.
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